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Background 
 
In a Euclidean space dominated by the gravity of one single massive body, the trajectories of 
bodies are conic sections. The problem of “choosing” one of such trajectories to transfer a body 
from one planet to another, maybe exploiting also the gravitational kicks (swing-bys) that close 
passages to a number of intermediate planets may offer, may be considered and studied as a 
global optimisation problem1-2. The objective function may be defined in a number of different 
ways according to the particular problem treated. It has been recently shown1 that the complexity 
of such an optimisation, named Multiple Gravity Assist (MGA) optimisation, is quartic in the 
number of swing-bys and cubic in the time resolution chosen whenever a space pruning 
technique, specifically designed for the problem, is implemented. The technology developments 
in space propulsion, and in particular the electric propulsion systems, made it meaningful to 
space mission designer to start considering non-conic solutions to the planetary transfer problem. 
Some analytical solutions have already been found: Pinkham Spirals5, Ward Spirals3-4 
Exponential Sinusoids6, Keplerian Low-Thrusts12 and potential Wells8 are only some of the most 
important. It is actually possible to build an arbitrary large number of analytical solutions by an 
inverse dynamical approach as shown by Petropoulos9 and exploited more recently by Patel11. 
De Pascale et al.10, during their work in the Advanced Concepts Team, proposed a shape-based 
approach to solve the three dimensional case at the cost of violating the dynamic in a least square 
sense. 
Among all these special solutions, though, exponential sinusoids are, maybe, the most surprising 
and represent more than an efficient numerical approach aiming at finding a low-thrust solution. 
The definition of the polar shape of the trajectory, and not of the whole state, together with a 
tangential thrust hypothesis, allows determining some elegant expressions for the thrust 
magnitude and the velocity vector. The practical use of these solutions proposed in the original 
paper by Petropoulos and Longuski is not suitable to be incorporated into a formalization of the 
MGA problem as a global optimisation problem having as search space the departure, fly-by and 
arrival dates. A different theoretical approach to exponential sinusoids7 allows for this kind of 
formalization and enables the possibility of using the results and techniques derived for the 
simpler ballistic MGA. The enabling theoretical result is the solution of Lambert’s problem for 
the exponential sinusoids, a result that has yet to be embedded into a design tool to verify its 
ability to locate useful first guesses trajectories. The extreme simplicity and computational 
efficiency of this approach could compensate for the known shortcomings of the exponential 
sinusoids (boundary conditions are violated). 
 
 
Study Objectives 
 
The objective of this study is to embed the Lambert’s problem solution for exponential sinusoids 
into a global optimisation algorithm in order to produce fast and efficient first guess trajectories 
for the interplanetary trajectory problem. The study should also determine to what extent the use 



of these special solutions in connection with global optimisation techniques is able to locate 
trajectories close to a real optimum. 
 
 
In summary the study objectives are as follows: 
 

• Implement the solution of the Lambert’s problem for exponential sinusoids7 in a global 
optimisation scheme, possibly Differential Evolution, using the launch, fly-by and arrival 
dates as variables, and study the problem complexity. 

 
• Expand the results obtained by pruning the search space1 to the case in which exponential 

sinusoids are allowed in addition to ballistic arcs to connect the planets. 
 

• Assess the results achievable in the optimisation of rendezvous trajectories with asteroids 
and comets and the optimality of the solutions. 

 
Proposals and assessments on different ideas related to the exploitation of spiral trajectories are 
also welcomed. 
 
The study will be performed in close cooperation with the ACT, and its results should be at a 
high standard that makes them suitable for publication in a peer reviewed journal. 
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